Dynamic modeling and control of dc-dc series resonant converter (SRC) especially when operating in discontinuous conduction mode (DCM) is still a challenge in power electronics. Due to semiconductors switching, SRC is naturally represented as a switched linear system, a class of hybrid systems. Nevertheless, the hybrid nature of the SRC is commonly neglected and it is modeled as a purely continuous dynamics based on the sinusoidal approximation and averaging. However, an SRC may be purposely designed to operate in DCM so the sinusoidal approximation is no longer acceptable. Therefore, it is essential to analyze the stability using a more sophisticated model. This paper presents a novel hybrid control strategy for the output voltage regulation of the SRC operating in DCM. Neither sinusoidal nor averaging is used. The stability of the closed-loop system is systematically fulfilled by satisfying some linear matrix inequalities. The proposed hybrid control approach has simple hardware implementation which does not require fast sampling of the resonant tank waveforms and external voltage-controlled oscillator. A prototype of the SRC is constructed and the hybrid controller is realized on a TMS320F2812 DSP core. The effectiveness of the proposed method is verified by simulation and experimental results.
INTRODUCTION 1
Nowadays, using high-frequency power converters is inevitable in many applications. High frequencies are desirable since they result in smaller and lighter magnetic components and faster transient responses. However, the switching losses and electromagnetic interferences are major issues in these converters. Soft switched converters can overcome these restrictions by using zero current and/or voltage switching [1] [2] [3] [4] . In consequence of these features and the ever-increasing demand for higher power density, higher efficiency and lower electromagnetic interference, resonant converters are currently of widespread interest and used in many industrial applications such as high voltage power supply for industrial magnetron [5] , renewable energy applications [6] , LED driver [7] , automotive engine/battery hybrid power generators [8] , driver of switched reluctance motors [9] . *Corresponding Author: hamid_afshang@ee.sharif.edu (H. Afshang) The subject of dynamic modeling and control of dcdc series resonant converters is still a challenge in power electronics. Due to semiconductors switching, the SRC has a switched linear dynamics, which is a class of hybrid systems. Nevertheless, it is common that the hybrid nature of the SRC is neglected, and the SRC is modeled as a purely continuous dynamics based on the fundamental harmonic (sinusoidal) approximation [10] [11] [12] [13] and generalized averaging theory [14] . This approximated model is nonlinear and usually, a linearized model around an operating point or a piecewise linear model in a region of state space is obtained [15, 16] . The main reason for such a simplification is to facilitate stability analysis and controller design.
For some specific applications such as industrial magnetron, microwave generator [17] and modern solidstate transformer [18] , the SRC may be purposely designed to operate in DCM. Operation of the SRC in DCM is well behaved, in that the output voltage increases monotonically with increasing the switching frequency and the switch turn-on and turn-off transitions both occur at zero current switchings (ZCS). The error resulting from the use of averaged-nonlinear/linearized model of the SRC operating in DCM for stability analysis and controller design is significant because the current and voltage of the resonant tank are very different from the sinusoidal shape and the fundamental harmonic approximation is no longer acceptable. It is shown in this paper that a classic PI controller which is designed based on the linearized model of the SRC not only does not guarantee the stability of the closed-loop system but also can even cause instability. Therefore, it is essential to investigate the stability analysis and controller design of the SRC using a more sophisticated model rather than common approximated models.
The hybrid modeling technique was presented in the literature as a natural representation of power electronic converters [19] [20] [21] . Piecewise affine (PWA) systems is a well-known and wide-applicable class of hybrid. By employing the PWA model, which consists of linear (or, rather, affine) subsystems, the stability analysis, and control design problems can be reduced to some linear matrix inequality (LMI) problems [22] [23] [24] [25] [26] [27] . Based on the inherent switched linear dynamics of the SRC, the authors have already proposed hybrid control of the SRC operating above/below the resonance in continuous conduction mode (CCM) [28] [29] [30] .
This paper presents a novel hybrid control strategy for the output voltage regulation of the SRC operating in DCM. The proposed hybrid controller is presented in two steps: In the first step, an innovative frequency modulator (FM) is provided so that the overall system resulting from the connection of the FM and the SRC has a PWA dynamics. In the second step, based on the stability theorem of the PWA systems a hybrid controller is designed for the SRC system So that the output voltage of the converter is regulated and the stability of the closed-loop system is guaranteed. The stability of the closed-loop system is systematically fulfilled by satisfying some linear matrix inequalities. The proposed hybrid control method has simple hardware implementation which does not require fast sampling of the resonant tank waveforms. Moreover, there is no need for VCO hardware. A prototype of the SRC is constructed and the hybrid controller is realized on a TMS320F2812 DSP core. The simulation and experimental results show the effectiveness of the proposed approach.
This paper is organized as follows: In Section 2 the switched linear model of the SRC is introduced. Section 3 discusses the hybrid controller and stability analysis of the closed-loop system. Section 4 provides the simulation and experimental results. Finally, the conclusion of the paper is presented. 
INHERENT SWITCHED LINEAR MODEL OF SRC
The schematic of the proposed hybrid control of the dcdc series resonant converter is illustrated in Figure 1 . The converter consists of a controlled switch network (fullbridge inverter), a series resonant tank, an uncontrolled rectifier, and a capacitive low-pass filter. The controllable switches S1, S2, S3, and S4 are controlled by a discrete input, ( ) to produce a square-wave voltage of frequency s in the series resonant tank input port. The tank with the resonant frequency of f 0 acts as a band-pass filter on this square-wave voltage, and then the tank current is rectified by a diode bridge. The high-frequency ripple of the output voltage is filtered by a capacitor to produce a pure dc voltage for the resistive load. By changing the switching frequency s , the magnitude of the tank ringing response can be modified, and hence the dc output voltage can be controlled.
Depending on the semiconductors ON/OFF state, the controlled switch network has two modes: 1) S1, S4 are ON and S2, S3 are OFF, 2) S1, S4 are OFF and S2, S3 are ON. And also, the uncontrolled diode rectifier has three modes: 1) D1, D4 are ON and D2, D3 are OFF, 2) D1, D4 are OFF and D2, D3 are ON, 3) all diodes become simultaneously reverse biased. Therefore, a total of six modes or subsystems can occur in an SRC while operating in DCM. Assuming that all components of the SRC are ideal, the circuit topologies for the six subsystems are as given in Figure 2 . Each subsystem is a linear time-invariant network. Since the switching or transition from one subsystem to another is constrained to both controlled switch network and uncontrolled rectifier, two types of switching can be distinguished; 1) controlled or external switching, in which a transition is a result of changes of the discrete-input , 2) uncontrolled or internal switching, where a transition occurs when the converter continuous state variables satisfy certain conditions. The switched linear model of the SRC can be described as: 
where the resonant tank inductor current , capacitor voltage , and the output voltage are the continuous state variables. ( ) is the discrete-input (or logic-input) of the SRC, necessarily restricted to take values in the discrete set {+1, −1}. The index variable determines the subsystem number. The function determines the current subsystem number which is constrained to the continuous state variables and the discrete input variable. The constraints and matrices of each subsystem are expressed in Table 1 .
THE PROPOSED HYBRID CONTROL OF THE SRC
As discussed in the previous section, the SRC has a switched linear dynamics where the switching rule depends on both discrete input and continuous state variables. The stability analysis and control design of such hybrid systems are very difficult and not straightforward.
PWA systems are another class of hybrid systems which is similar to switched linear systems, with the exception that the switching rule depends only on the continuous state variables. Stability analysis and control design of PWA systems can be reduced to some linear matrix inequalities (LMI).
The proposed hybrid controller is presented in two steps: In the first step, an innovative frequency modulator is provided so that the overall system resulting from the connection of the FM and the SRC presents a PWA dynamics. In the second step, based on the stability theorems of PWA systems, an output feedback controller is designed so that the output voltage of the converter is regulated and the stability of the closed-loop system is guaranteed.
1. Frequency Modulator with a PWA Dynamics
In this paper, an innovative FM with PWA dynamics is presented. It can be explained using the equivalent circuit as shown in Figure 3 . It receives a continuous signal (t) ∈ ℝ + at the input and generates a square-wave signal (t) ∈ {−1, +1} at the output. The evolution of the FM state variables during a switching period and the sequence of subsystems subintervals have been illustrated in Figure 4 .
Mode 1: At the beginning of the first subinterval, assume that the comparator output is +V cc and the capacitors' initial voltages are −V cc . Analysis of two RC circuits leads to the following results:
where τ 2 = R 2 C 2 and τ 1 = R 1 C 1 . The FM circuit parameters 1 , 2 , 1 , 2 are chosen so that 2 is much less than 1 . In other words, 2 ( ) is dynamically faster than 1 ( ). The capacitor C 2 is charged faster than capacitor C 1 . Thus C 2 is fully charged faster and ready for switching to the next mode. The voltage across C 1 tends towards (1 + )V cc as time passes. Just at the moment when 1 ( ) becomes higher than 2 ( ), the comparator output changes instantly to −V cc and the first subinterval ends.
Mode 2: At the beginning of the second subinterval, the comparator output is −V cc and the capacitors' initial voltages are +V cc . Analysis of two RC circuits leads to:
The capacitor C 2 is discharged faster than capacitor C 1 . Thus C 2 is fully discharged faster and ready for switching to the next mode. The voltage across 1 drops exponentially from +V cc towards −(1 + )V cc as time passes. Just at the moment when 1 ( ) becomes lower than 2 ( ), the comparator output changes instantly to +V cc and the second subinterval ends. This cycle is repeated continuously and a squarewave signal (t) with a frequency of is generated at the output of FM. The charging/discharging duration of the capacitor C 1 can be decreased by increasing the continuous input ( ), and thus the frequency of ( ) can be increased. For two different values of ( ), the waveforms of the FM are shown in Figure 5 .
State-space model of the proposed FM with PWA dynamics is as follows: 
It is noteworthy that in this article, the electrical circuit of the proposed FM is not implemented using electronic devices, but its mathematical dynamical model has been implemented in a digital signal processor (DSP). 
2. FM-SRC Connection to Obtain a PWA System
Block diagram of the FM-SRC connection is shown in Figure 6 . External switching of the SRC is equivalent to the internal switching of the FM.
Considering the internal switching of the FM and SRC, six modes or six forward paths from the input to the output can occur. For example, when 2 > 1 and < 0, the first FM subsystem and the second SRC subsystem are activated. The overall system made from the FM input following by the SRC output has a piecewise affine dynamics that each subsystem has a linear (or, rather, affine) dynamics and the switching rule from one subsystem to another is constrained only to the continuous state variables. By merging the switched linear model of the SRC in Equation (1) and PWA model of the FM in Equation (6), the PWA model of the total FM-SRC connection can be obtained as:
where is a region of the state space where -th subsystem is valid. It can be represented as the intersection of finite numbers ( ) of half-space. In other words, for each cell , there exists the identifier matrices and such that
where G q is a p q -by-n matrix and g q is a p q -by-1 matrix.
The inequality z ≽ 0 means that all entries of the vector z are non-negative. The matrices A q , a q , b q , G q and g q are expressed as in Table 2 .
Closed-loop Control System of the SRC
The block diagram of the output feedback control of the SRC is shown in Figure 7 . To regulate the output voltage of the SRC, a PI controller with the following state-space model is considered:
where is the state variable of the PI controller, is the regulation error of the SRC output voltage, k I and k P are the PI integrator and proportional coefficients, respectively. The overall system resulting from the connection of the PI controller and the PWA FM is called the proposed hybrid controller which is implemented on a DSP. The PWA dynamics of the closed-loop control system of the SRC is as follows: (7) and (8) 1 Thanks to the stability theorem of the PWA systems [22] [23] [24] , the stability analysis of the closed-loop control system of the SRC can now be performed as follows: Consider the symmetric matrices P q , U q and W q such that U q , and W q have non-negative entries. If the matrices P q , U q and W q can be found such that the following inequalities are satisfied
then the stability of the closed-loop control system of the SRC is ensured. The values of PI controller coefficients (k I , k P ) are obtained by solving the above LMIs in the form of the convex optimization problem in MATLAB.
4. Comparison of Different Control Methods
A qualitative comparison between the proposed hybrid method and other methods for closed-loop control of the SRC is presented in Table 3 . Based on the first harmonic approximation of the resonant tank waveforms and the dc component approximation of the output voltage, the averaged model of the SRC is obtained as follows: 
where ( ) is the average value of the output voltage in a switching period. This averaged model is a nonlinear system with purely continuous dynamics. Stability analysis and controller design for such a system are not straightforward. That's why perturbation and linearization around a steady-state operating point are common among engineers. The linearization can be accomplished using the Taylor expansion. The transfer function of the linearized model will be as follows: In the next section, it is shown that a PI controller, which is designed based on the linearized model of the SRC, not only does not guarantee the stability of the closed-loop system but also can even cause instability. 
SIMULATION AND EXPERIMENTAL RESULTS
A closed-loop control system of the SRC is simulated in MATLAB for verification of the proposed hybrid control method. The specifications and design values of the major components of the SRC are summarized in Table  4 .
The following hybrid controller has been designed based on the proposed approach in the previous section: 
1. Simulation Results
Output voltage regulation at the presence of load change and input voltage disturbance are shown in Figures 8 and 9 , respectively. The switching frequency, resonant tank inductor current, and capacitor voltage are also shown. In Figure 8 , the load resistance is arbitrarily changed from 20 to 15 Ω and one can see that the output voltage is regulated within 1.5 ms. In Figure 9 , the input voltage varies from 60 to 50 V and the output voltage is regulated Based on the parameter values given in Table 4 and Equation (14), the transfer function of the linearized model of the SRC is as follows:
It is obvious that in a closed-loop system with the unity negative feedback structure, the following PI controller meets the goals of closed-loop stability and output regulation for the above-mentioned first-order system. Now, the PI controller designed based on the linearized model of the SRC is used with the inherent switched linear model to simulate the response of the closed-loop system. The simulation results shown in Figure 10 indicate that the closed-loop system is unstable. The switching frequency becomes more and more, and the SRC output voltage and the resonant tank signals tend to zero.
It can be concluded that a PI Figure 9 . Simulated waveforms during input voltage variation controller that is designed based on the linearized model of the SRC not only does not guarantee the stability of the closed-loop system but also can even cause instability. This simulation highlights the importance of stability analysis in the proposed hybrid method.
2. Experimental Results
For better verification of the proposed control strategy, an experimental prototype has been designed and implemented as shown in Figure 11 . The proposed hybrid controller has been implemented on a TMS320F2812 DSP core.
After the startup, the output voltage is regulated at 30 V and the steady-state tracking error is zero as shown in Figure 12 (a). The steady-state tank inductor current and capacitor voltage are shown in Figure 12 (b). As can be seen in this figure, in each switching half-cycle, there is a time interval that the resonant tank inductor current is zero. Turn off of all transistors that occur at this time interval in the ZCS condition.
The output voltage regulation at the presence of the load resistance variation from 20 Ω to 15 Ω is shown in Figure 10 . Instability of the closed-loop system for a PI controller which has been designed based on the linearized model of SRC Figure 11 . The experimental prototype of the proposed hybrid control of the SRC Figure 13 (a). The output voltage is compensated in about 1.5 ms. After compensating, both the steady-state tank inductor current and capacitor voltage are shown in Figure 13 (b). Comparing with Figure 12 (b), the switching frequency increased and the peak magnitudes of the tank inductor current and capacitor voltage did not change; which conforms to the simulation results.
The disturbance rejection of the proposed control method is also evaluated by a step change in the input voltage from 60 to 50 V while the load resistance is fixed at 20 Ω. As can be seen in Figure 14 (a) the output voltage is compensated in about 1.2 ms. After compensating, the tank inductor current and capacitor voltage in the steadystate are shown in Figure 14 12(b), the switching frequency increased and the peak values of the tank waveforms decreased; which conforms to the simulation results.
CONCLUSION
In this article, the main focus was on Lyapunov stability of the closed-loop control system of the SRC when the converter operated in discontinuous conduction mode with zero current switchings. A novel frequency modulator was proposed so that the overall system resulting from the connection of the FM and the SRC has a PWA dynamics. Based on the PWA systems theory, a stabilizer hybrid controller was designed for the SRC voltage regulator. The simulation and experimental results showed that the proposed hybrid control method has a suitable steady-state response and good voltage stability under variations of load resistance and input voltage. For other converters that have different methods of soft-switching (Valley switching, Natural or extended ZVS, or Quasi-resonant ZCS/ZVS), if one can design an appropriate modulator so that the overall system resulting from connection of modulator and converter has a PWA dynamics, then Lyapunov stability of the closed-loop control system of that converter can be analyzed using PWA systems theory.
